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ASYMPTOTIC ANALYSIS OF THE STRUCTURE OF LONG-WAVE GORTLER VORTICES
IN A HYPERSONIC BOUNDARY LAYER

V. V. Bogolepov UDC 532.526.013.4:533.6.011.55

An asymptotic (at high Reynolds and Gértler numbers) model of nonlinear long-wave Gértler vortices
localized inside the boundary layer near a concave surface located in a hypersonic viscous gas flow in
the regime of weak viscid—inviscid interaction is constructed. The mazximum wavelength is evaluated.
Numerical solutions are obtained for an inviscid local limit in the linear approxzimation. It is shown
that an increase in the free-stream Mach number exerts a stabilizing effect on the vortices, and a
change in the Prandtl number has no significant effect on them. For the case where the vortices form
a three-layered disturbed flow structure, it is shown analytically for the first time that surface heating
exerts a stabilizing action on the vortices.

An analysis of the Navier-Stokes equations at high Reynolds and Gortler numbers allowed construction of
an asymptotic theory of Gortler vortices [1] in the boundary layer of a fluid near a concave surface [2-8]. In studying
the Gortler vortices in a compressible boundary layer, one should take into account the effect of various factors, such
as the free-stream Mach number, the surface temperature, the Prandtl number, and the physicochemical processes
in the gas. Of special interest is the study of the influence of surface cooling on vortex dynamics [9-12], since the
neglect of this parameter does not allow one to ensure the necessary strength of constructions of flying vehicles at
hypersonic velocities. El-Hady and Verma [10] noted a weak stabilizing effect of surface cooling on vortices, whereas
the authors of [9, 11, 12] believed that surface cooling has a destabilizing influence on vortices. The destabilizing
action of surface cooling was supported by studying the dynamics of short-wave vortices [13], and an explanation of
this phenomenon was proposed. The mechanism of the stabilizing effect of increasing Mach number on the vortices
was described in [14].

The dynamics of long-wave Gortler vortices near a concave surface exposed to a hypersonic gas flow is studied
in the present paper in the linear approximation in the regime of weak viscid—inviscid interaction at high Reynolds
and Gortler numbers.

1. Let a concave surface be exposed to a uniform viscous gas flow. It is assumed that its dimensionless
curvature is small: k = L/R <« 1 (R is the radius of surface curvature and L is the distance from the leading edge
of the surface to the point of incipience of vortices), the free-stream Mach numbers is M, > 1, and the Reynolds
number is high (Reco = poctioo L/ lice > 1), but the laminar—turbulent transition has not yet occurred. Here poo,
Uso, and po are the free-stream density, velocity, and viscosity of the gas, respectively. Hereinafter, all linear
dimensions are normalized to L, the pressure p and enthalpy h to psu?, and u?_, respectively, and the remaining
parameters to their free-stream values.

It is also assumed that pressure perturbations due to the displacing action of the boundary layer Aps and
the surface curvature Ap, are small as compared to the free-stream gas pressure:

Aps ~ /Mo < 1/M2,  Apg ~ k/My < 1/M2,
(6 is the boundary-layer thickness). In the boundary layer with characteristic dimensions Az ~ 1 and Ay ~ § (the

x axis is directed along the surface and the y axis is normal to it), the stream functions obey the estimates for the
regime of weak hypersonic viscid—inviscid interaction [15]
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ur~h~1, v~ 0, p~p~1/M2, o~ M2 5 ~ M2 /Rel/? (1.1)

oo

where u and v are the velocity components along the x and y axes, respectively. In obtaining these estimates, we
used the linear dependence of viscosity on enthalpy

= AM2_h (1.2)
and the equation of state of a perfect gas

p = (v = 1)ph, (1.3)
where A is a constant and «y is the ratio of specific heats.
We introduce a vertical coordinate of the Lees—Dorodnitsyn type

1 Yy
n(z,y) = \/—Z_xo/pdy' (1.4)

Using estimates (1.1) and relations (1.2) and (1.3), we write the known self-similar boundary-layer equations

n

h//
v 4+ pu =0, :/udn, — + ph = —u?,
o o 5ot L5

0

u(0) = p(0) =0, h(0)=hy, or h'(0)=0, wu(cc)=1, h(cc)=1/((y—1)MZ,),

where (-)" = d/dn, the subscript w refers to quantities on the concave surface, and the Prandtl number Pr is assumed
to be constant. In solving the boundary-value problem (1.5), self-similar profiles of the streamwise component of
velocity up(n) and enthalpy hg(n) in the undisturbed boundary layer in the cross section g ~ 1 were obtained.

2. It is known that a two-dimensional laminar boundary layer on a concave surface may lose stability as the
critical Gortler number Goo = 2(ReX/2/M2)(L/R) is exceeded [1]. Then, streamwise stationary Gértler vortices
appear inside the boundary layer, and a two-dimensional flow becomes three-dimensional. Below we study the
development of such vortices with a wavelength greater than the boundary-layer thickness at high values of the
Gortler number Goo ~ &/d > 1 (k= 2K, K ~ 1, and § < & < 1), where the vortices are definitely absent.

We consider a disturbed vortex region of the flow with characteristic transverse dimensions Ay ~ ¢ and
Az > ¢ (the z axis is perpendicular to the zy plane) at a finite distance z¢ ~ 1 from the leading edge of the concave
surface. It is assumed that the disturbed region occupies the entire boundary layer, the vortices are localized inside
this region, and the stream functions [see Eq. (1.1)] have the following orders:

u~h~1,  pe~p~1/MEL p~ M2 (2.1)

In constructing multilayered flow patterns, this region being the main part of the boundary layer is usually
indicated in the literature by 2 [16], the weakly disturbed external region of a uniform incoming flow is indicated
by 1, and the internal near-wall part of the boundary layer is indicated by 3.

Let vortex formation cause nonlinear disturbances in the boundary layer (for example, Au ~ u ~ 1). In

this case, in the field of centrifugal forces, there appears an additional pressure perturbation Ap, which induces the
velocity component w in the direction of the z axis:

Ap ~ kpu Ay ~ &b /M2, w~ (Ap/p)'/? ~ (20)'/2. (2:2)
Since the disturbed vortex region is essentially three-dimensional, the continuity equation yields estimates

for the characteristic transverse size of this region Az and the vertical component of velocity v
Az ~ wAz/u ~ (28)Y? A, v~ ulAy/Ax ~ §/Ax, (2.3)

where (6/a)'/? < Az < 1 is the characteristic longitudinal scale of the disturbed vortex region. For Az ~ 1,
Eq. (2.3) yields an estimate for the maximum characteristic transverse size of the disturbed vortex region (or the
maximum wavelength of the Gortler vortices in the gas):

Az, ~ (20)Y/2,

A comparison of the orders of magnitude of convective and dissipative terms of the Navier—Stokes equations
[ouug ~ (puy)y/Res] shows that viscosity in the disturbed vortex region should be taken into account only for
Ax ~ 1; for Ax < 1, viscous effects are insignificant.
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In considering three-dimensional disturbed regions of the boundary layer with characteristic transverse di-
mensions Az > 4, it is necessary to take into account their possible interaction with weakly disturbed external
regions of the uniform incoming flow, where p ~ u ~ 1 (see, e.g., [17]). For the interaction of such regions, it is
necessary that the order of magnitude of the vertical component of velocity v remain constant [16]. In this case,
the external region is region 1 with characteristic dimensions (§/a)'/? < Az < 1 and Ay ~ Az ~ (20)/2Az > 6.
The estimates show that a pressure perturbation Ap ~ puvAy/Ax ~ 391/253/2/Ax is induced in this region; for
Az > (5/2)'/?, this perturbation is smaller in order of magnitude than that induced near the external boundary
of the disturbed vortex region 2 [see (2.2)]. This means that disturbances induced in the disturbed vortex region 2
decay in the external region 1, and there is no reverse effect of disturbances from region 1 on region 2.

Estimates (2.1)—(2.3) allow introduction of new variables = = xq + Azxy, y = dys, and z = (26)Y/?Axz,
and asymptotic expansions of the stream functions for the disturbed spatial vortex region 2:

u=1us+..., v=(0/Ax)va+ ..., w= (20) 2wy + ...,
(2.4)
1 a0
= 4. —pot..., p=—ot ..., h=ho+..., M2 po + .
p VM?;O Mgom p Mc2>o 2 H= M2

Hereinafter, insignificant terms in the expansion for p are omitted, which does not affect the transverse component
of velocity w.
Substituting expansions (2.4) into the Navier—Stokes equations and into Egs. (1.2) and (1.3) and performing
the limiting transition
Mg, — 00, 0 — 0, & —0, Moo — 0, Mgz — 0, I ek, (2.5)
we find that the flow in region 2 in the first approximation is described by the system

Op2uz) | Olpava) | O(pawn)

0z Oy 0z =0,
paua 52 v G2 s G2 = A (1 52
épg(u %+ 22”2 +ws 222)+Az (Kp2u2 gly)z) -0, (2.6)
pa(ia G v 2 b ) + 2 = Aa ()
P2(u2g—hz+ zghz-i—wzg—};j)ZAHC[%%(M2Z—}£)+M2(Z—£>2},

(v = 1)pahe = 1, o = Ahs.

For Az ~ 1, when the characteristic dimensions of the boundary layer and disturbed vortex region 2 have
the same order of magnitude and viscous effects should be taken into account, usual no-slip and adhesion conditions
are fulfilled on the concave surface:

oh
U = Vg = W2 = 0, hg = hgw or 8—2 =0 (yg = 0), (27)
Y2

and the external boundary of this region (because of the absence of its interaction with the external region 1) obeys
the same conditions as at the external boundary of the two-dimensional Prandtl boundary layer:

ug — 1,  wyg—0,  hy—1/[(y=1MZ]  (y2 — 0). (2.8)
In addition, the initial conditions satisfied in the cross section z = zg are

us = uo(y2),  wa=AzAY (v — 1)V 205(ya),  wa =0,  hy = ho(ya),
(2.9)

Y2

K
b2 = —m /poug dys, P2 = po(yz)’ p2 = Apo(y2) (z2 =0),
0
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and the solution satisfies the condition of periodicity in the transverse direction

f(mZay%ZQ) Zf(xz,y2,22+>\)a fE {u27v27w27p27p2ah23:u’2}7 (210)

where A is the wavelength of vortices.

The solution of the boundary-value problem (2.6)—(2.10) describes the nonlinear development of long-wave
Gortler vortices for Az ~ (385)1/ 2Ax > 6, when they occupy the entire hypersonic boundary layer (Ay ~ &), and
the Gortler number is high (Goo ~ @/d > 1). If the characteristic length of the disturbed vortex region is small
as compared to the characteristic length at which the stream functions in the boundary layer change (Az <« 1),
the problem becomes local, the evolution of vortices occurs in a plane-parallel flow, Egs. (2.6) have no dissipative
terms, and only no-slip conditions should be taken into account on the concave surface. To satisfy the adhesion
conditions near the surface, one can additionally consider the viscous sublayer. If the characteristic length of the
vortex region is commensurable with the boundary-layer thickness (Az ~ 1), the “growth” of the boundary layer
should be taken into account [3].

In (2.6)—(2.10), the variables xa, yo, 22, V2, Wa, pa, ta, and py are related to the quantities \/ (2w K /2 AY4(y—
1)1/4)7 A1/2(7 - 1)1/27 A/(Zﬂ-)’ 27TK1/2A3/4(’Y - 1)3/4/>‘a K1/2A1/4(7 - 1)1/47 1/(7 - 1)7 A’ and KAl/Z/(7 - 1>1/27
respectively; the vertical scale of the disturbed vortex region is the same quantity A'/2 (v - 1)1/ 2 that is used for
the vertical coordinate of the boundary layer n near the concave surface (1.4). In the new variables (the subscript 2
is omitted), the boundary-value problem acquires the form

Apu) | 9(pv) | I(pw)
or + oy * 0z

:O’

p( ou ou 6u)_Az 8( au)’

ép(u% +U%+w%) +AJ}2/\%(pU2+%§) =0,

p( ow ow 8w) g;z:%agy< 8w)7

P(u%—l—vg—z—i—w%) = %[% %(u%) +u(g—z)2}, (2.11)
ph =1, w=nh,

oh _
oy

u=v=w=0, h=hy, or 0 (y =0),

u—1,  w—=0  h=1/[(y-1)ML]  (y— o),

p=po(y),  w=po(y), h=ho(y) (z=0),
f(@,y,2) = f(z,y,z+2m),  f={uw,v,w,p,p,h,p},

Re = 2nKM 2440y — V4N, h = M (2rAY2(y - 1)),

where Re ~ 1 is the local Reynolds number and A; > 1 is the ratio of the vortex wavelength to the boundary-layer
thickness.

3. We assume that the characteristic streamwise size of the disturbed vortex region is Az ~ (6/a)"/? < 1.
Then it follows from (2.3) that its transverse dimensions are identical in order of magnitude Ay ~ Az ~ §. The
ratio of the vortex wavelength to the boundary-layer thickness may be prescribed by the parameter A\; > 1. In this
case, the longitudinal change in the stream functions in the boundary layer is insignificant, the evolution of vortices
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occurs in a plane—parallel flow, Egs. (2.11) have no dissipative terms, and only no-slip conditions should be satisfied
at the concave surface. Under these conditions, we obtain

Opu) | Opv) | O(pw) ~0, J, 0, O o,
or dy 0z

p(ug—z+vg—;+w%)+>\f(pu2+g—§):0, p(ua—erva—Zera—w)Jr@:O,

oh  Oh  Oh

= = h=1 .1
4 o U(‘)y Yoz 0 P ’ (3:1)

v=20 (y:0)7 u—1, w—0, hﬁl/[(V—l)Mio] (y—>oo),
Y
u—ug(y), v—0, w—0, p*-/ﬂougdyv p—po(y), h—holy) (z— —o0),
0

f(x’y7z):f(x)y7z+2ﬂ)’ fE{u’/U7w7p7p7h}'

For small perturbations of the boundary-layer flow, the boundary-value problem may be linearized with
respect to the initial conditions:

U =1U +aU+..., v=aV +..., w=aW+...,
o(y) (3.2)
2
ug 1
=— | = P+... = H+... = — 1

0

[the last relation in (3.1) for density p is taken into account here]. After linearization (3.2), normal-mode represen-
tation of the solution [18], and introduction of a new vertical variable

(3.3)

&

Yy
F(x,y,2) = F(y)exp (Bz)(sinz,cos2),  no(zo,y) = 21330 /
0

the boundary-value problem (3.1) reduces to one equation in ordinary derivatives for the function Vi = V/ug:

A / 2 I
v g% _ hoNys ho Lo 2ugho
Vi +2(u0 h0>V1 Az V1= g (ho uo )Vl’ -
M Ié; d '
/ _ _ _ _ Y —
Vl (0) - VI(OO) - 07 A= (2$0)1/2a B = (21.0)1/47 ( ) d’ﬂg .

The solution of the boundary-value problem (3.4) allows determination of its eigenfunctions V' (ng) (vertical
component of the vortex velocity) and eigenvalues B (increment of the vortex amplitude).

The numerical solution of (3.4) is obtained by the method of inverse iterations with shifting [19] for the
first three vortex modes and different functions wug(ng) and hg(ng) in the boundary layer; the specific heat capacity
isy=1.4.

Figure 1la and b shows the increments B; and Bs for the first two modes as functions of the relative
wavelength of the vortices A > 1 for Pr = 1 and My, = 5, 15.8, and 50 (curves 24, respectively). The surface
temperature is 10 times the free-stream temperature (7, = 107,), which corresponds to the ultimate strength
of the surface material. Curve 1 is calculated for the boundary layer in a fluid. A principal difference in the
behavior of the dependences for the first mode and all subsequent modes should be noted. First, the increment By
increases with increasing M, for all values of A, whereas the increments of higher modes B,,, (m = 2,3,...), vice
versa, decrease with increasing Mach number (except for a range of small values of My, and A, which decreases
with increasing mode number m). Second, for all values of M, the increment B increases monotonically with
increasing A, and the increments B,, (m = 2,3,...) are almost independent of A (except for the same range of the
values of My, and A). A similar behavior of vortices was obtained from an analytical solution [5, 8] in studying
centrifugal instability of the boundary layer of a fluid with intense suction [20], where the layer thickness is constant:
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By = AY? and B,, ~ \/2/(m? 1) (m = 2,3,... and A > 1). Such a character of variation of B; means that
the first long-wave mode is separated from the subsequent modes as the vortex wavelength increases, and its linear
growth should occur at smaller characteristic distances.

An increase in My, leads to heating of the boundary layer, increase in its thickness (§ ~ M2, /Re/2 ~ M3/25¢)
and characteristic length of the disturbed vortex region [Az ~ (§/a)Y/2 ~ M3/*Az¢] as compared to the boundary
layer of a fluid (the subscript “f” refers to fluid parameters). This induces a decrease in the vortex growth rate
reduced to the characteristic length (of the order of unity)

Be ~ B/Ax ~ B/(M3/*Axy),

since an increase in the numerator is insignificant, and an increase in the denominator plays the determining role [14].
The same fact is responsible for the stabilizing effect of the increase in the Mach number M, on long-wave Gortler
vortices.

Figure 2a and b shows the effect of the dimensionless surface enthalpy ho(0) on the increments of two first
modes B; and Bs for My, = 50 and Pr = 1 [curve 1 refers to the fluid and curve 2 refers to a heat-insulated
surface with h{(0) = 0; curves 3-5 are calculated foe ho(0) = 0.1, 0.01, and 0, respectively]. Surface heating leads
to an insignificant increase in the first-mode increment Bj; the increments of higher modes B, (m = 2,3,...)
increase approximately twofold from the values for an absolutely cold surface with hy(0) = 0 to the values for a
heat-insulated surface with h{(0) = 0. It is known, however, that surface heating increases the boundary-layer
thickness [20] and, hence, the characteristic dimensions of the vortices. Therefore, it is not possible to evaluate
unambiguously the influence of surface heating on the vortex growth rate Be. (A weak stabilizing effect of surface
heating on long-wave vortices was noted in [9, 11, 12].)
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Figure 3 shows the effect of the Prandtl number Pr on the increments B for two higher modes (the solid
and dashed curves refer to By and Bs, respectively) for My, = 50 and T3, = 107%. An increase in Pr from 0.5
to 1 (curves 1 and 2) leads to an increase in the increment for the first mode and exerts practically no effect on the
increments of higher modes (the curves obtained for the third mode are almost indiscernible and are not plotted in
Fig. 3).

According to estimates (2.3), the characteristic length of the vortex region is proportional to the relative
wavelength of the vortices; therefore, the vortex growth rate Be ~ B/Axz ~ B/A decreases with increasing A (the
governing quantity in this fraction is also the denominator).

The profiles of the eigenfunctions V(ng) for A = 10 for the first, second, and third modes are presented in
Fig. 4a, b, and c, respectively (curves 1 are calculated for a fluid and curves 2—4 are calculated for M, = 5, 15.8,
and 50, respectively, and Pr = 1 and T, = 10T,). It follows from Eq. (3.4) that V ~ exp (—hono/A) as ng — oc.
Therefore, the decay of eigenfunctions significantly decreases with increasing M, (since ho ~ 1/M2 as ng — o)
and relative wavelength of the vortices A. Nevertheless, an increase in My, leads to a corresponding extension of the
vertical coordinate ng [see (3.3)] and does not increase the values of the physical variable y at which vortex decay
occurs. However, as the wavelength increases, the vortices at the linear stage of development go further outside the
external edge of the boundary layer and decay at distances Ay ~ Az ~ (a6)'/2Az > §. This fact was noted in [3];
it is associated with the use of the normal-mode representation of solution (3.3).

4. We consider the evolution of long-wave vortices that introduce only small perturbations (for instance,
Au < u ~ 1) into the main part of the boundary layer (region 2) and may induce nonlinear perturbations (for
example, Au ~ u < 1) in its near-wall part (region 3). We assume that the friction coefficient

=5 e (3

and the heat-transfer coefficient

Co = é % - ReiPr (%)w

(b and ¢ are constants) retain their orders of magnitude in region 3 for Ay/d < 1. Then, from Egs. (1.2) and
(1.3), we can find the distributions of the longitudinal component of velocity u and enthalpy h in this part of the
undisturbed boundary layer:

2 Ay L\V2 e 26 Ay 0\ 12
w= g (T rR) T e h= (M)
(4.1)
c Ay b Ay Ay 1/2
~ 2y o = "t <L
Ah, o0 Ehetpe g for (5) Lh <1
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Assuming that the flow in region 3 is viscous, spatial, and nonlinear, by comparing the main terms of the
Navier-Stokes equations [Respu du/dz ~ d(pdu/dy)/dy, O(pu)/dx ~ d(pv)/dy ~ d(pw)/dz, and Ap ~ pw?] and
using the approximate relations (4.1), we can obtain estimates of the thickness of region 3, vertical and transverse
components of velocity, and pressure perturbation:

) Az Az?

~ 1/3 ~ ~N — ~N —
Ay ~ hy6Az™/2, v Apl/3 w Az2/3’ Ap Mgothl.zx/g'

(4.2)

Estimates (4.2) allow introduction of new variables z = xg + Azxs, y = hw0Az 3ys, and z = Azzs and
asymptotic expansions of the stream functions for the near-wall part of the disturbed vortex region:

) Az
w=Azx"Pus+ ..., U:A;/Svg—k..., wzmwg—k...,
4.3
—1++A22 + S TR )
LV I VI N VR AN Ve S
h=hy+AzPhs+ ..., =M i+ ..

Substituting expansions (4.3) into the Navier—Stokes equations and into Egs. (1.2) and (1.3) and performing
the limiting transition (2.5) for Az'/3 < h,, < 1, we find that the flow in region 3 in the first approximation is
described by a system of equations for an incompressible fluid:
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Ous Ovs Ows Ops

os oy Tz T By
8u Bus 8u3 . 82U3
Pw(u3a—+ 38 s +w38—z3> = Huw 6y§ )
(4.4)
811}3 8w3 811)3 6p3 o 82103
P <U3am3+ 333+ 823>+323 Hw 8y§’
8h3 8h3 8h3 o Haw 32h3
Puw (U3 Oxs U G, Oy3 tw 8z3) - Pr 0y3

(Y=Dpw=1,  prn=A.
Usual no-slip and adhesion conditions are satisfied at the concave surface:
uz =v3 =w3z =hz =0 (y3 = 0); (4.5)

the initial conditions for this region are obtained by matching with the solution for the near-wall part of the
undisturbed boundary layer (4.1)

uz — (c¢/A)ys, hsz — (b/A)ys, v3,w3,p3 — 0 (r3 — —00). (4.6)

In region 2 with a characteristic thickness Ay ~ §, where the orders of magnitude of the longitudinal
component of velocity u, enthalpy h, density p, and viscosity p are determined from (1.1), the pressure perturbation
Ap is generated by centrifugal effects and has the same order of magnitude as in region 3:

Ap ~ kpulAuly ~ 25 Au/M2, ~ Az?/(M% h,Azt/3).

Then, by comparing the orders of magnitude of the main terms of the Navier—Stokes equations, we obtain estimates
for perturbations of the velocity components:

Au ~ A2? ) (hyAzt/326), v~ A2 ) (A2 B ), w~ Az/(hyAz/?). (4.7

Estimates (4.7) allow us to introduce new variables x = xg + Az, y = dy2, and z = Azzz and asymptotic
expansions of the stream functions for the main part of the boundary layer:

(o) + AzZ? N AzZ? N Az N
u=u — ug ... V= ————Ug ... W= ————wy + ...
01Y2 N T ’ hoAz/Ba 2 ’ N ’
1 s T Az
2 z
=—+...——K/ WCdyy + — ot 4.8
p ’}/Mgo MZO Polg aY2 Mioth{LA/?’ D2 ( )
po(y2) Az? AZ?
p— ... h = h R P h
Mz, i M2 h,Azt/36 P2t 0y2) + hwAxt/3 28

(the subscript 0 refers to flow parameters in the undisturbed boundary layer).

Substituting expansions (4.8) into the Navier—Stokes equations and into Egs. (1.2) and (1.3) and performing
the limiting transition (2.5) for Az'/3 < h,, < 1 and §'/2/2'/? < Az < Az/(a'/?6'/?), we find that the flow in
region 2 in the first approximation is described by the system of linear equations

8 6 81}2 dp()
72 -0
PO 7 s 2 fug 22 B =+ Po 9 + v 5— v )
1o} d 0
uoﬂ—kvgﬂ:O, 2Kp0u0u2+Kp2u(2)+ﬂ:O,
0x3 dyo 0y
Owy  Opa Ohy dho
22 o, o =0,
Potio 6$3 + 823 Ho 8:53 v dyg

(v = Dpoho =1, poha + p2ho = 0,
which allows partial integration
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d oD d dh
UQ:Dﬂ, Vo = —Uyg m—, pQZDﬂ, hQZD—O,
3x3 dy2 dyQ (4 9)

P2 = D2 + KD(MZ, — poug), D = D(x3,23).

Y2 —00
It follows from the last relation in (4.9) that the pressure perturbation ps increases toward the external edge
of the boundary layer due to centrifugal effects in region 2 (pa|y, —oo ~ Mgo) Therefore, in the disturbed region 1
of the uniform external flow with characteristic dimensions § < Ay ~ Az < Az < 1, where the longitudinal
component of velocity is u ~ 1, the gas density is p ~ 1, and the gas enthalpy is h ~ 1/((y — 1)M2,), the pressure
perturbation has the following order of magnitude:

Ap ~ AzZ? [ (hyAzt3).

A comparison of the orders of magnitude of the main terms of the Navier—Stokes equations allows us to
obtain estimates for perturbations of the stream functions and introduce in region 1 new variables z = xg + Axxs,
y = Azy1, and z = Azzz and asymptotic expansions

_1 Az? Az Az
u = +mu1+..., ’U—m’lh"-..., w—mllﬂ"’r...,
= AzK A 4.10
p—mﬂ-...—aﬁj z y1+mpl+..., (4.10)
Az? 1 Az?
z p1+..., h: z h1+

= ]_ _—
P * thl‘4/3 (’y — I)Mgo i thxAL/S

Substituting expansions (4.10) into the Navier—Stokes equations and into Eqs. (1.2) and (1.3) and performing
the limiting transitions (2.5) for Az'/3 < h,, < 1and 6Y/%/a'/? < Az < Az/(2'/26"/?), we find that the following
equations are valid in the first approximation in region 1:

Az (G y Doy, On Do
Az2\0zz  Oxs oyr Oz
0 0 0 0 0 0 oh 10)
et A — A —y et S gn _ 9, (4.11)
Oxs  Oxs drz  Oyp Oxs  0Oz3 Oxs  Oxs
M2, (v = 1)hy + p1 = M2 p1.
These equations may be transformed to the wave equation for the pressure perturbation p;:
M2 92 2 2 A
ooapl_ap1+3p1 M, ~ =2 1. (4.12)

M2 922 9y} Az
The ratio of the characteristic longitudinal and transverse dimensions of the disturbed vortex region deter-
mines the critical Mach number M, (for My, ~ M., the characteristic dimensions of the disturbed vortex region in
the order of magnitude are equal to the Mach cone dimensions).
Matching of the asymptotic expansions (4.3) and (4.8) in regions 3 and 2, Egs. (4.1) and (4.9) taken into
account, allows us to obtain the missing external boundary conditions for region 3 and the condition for their
nontrivial interaction:

uz — (¢/A)(ys + D), w3 — 0, hs — (b/A)(ys + D) (y3 — 00),

2
0z3

(4.13)
P3 = D2lys=0 = P2lys—oo + KDMgO, Az ~ hw%1/251/2Ax5/6.

For nontrivial interaction of regions 2 and 1, the order of magnitude of the vertical component of velocity v
should be retained constant in these regions [16]. This is possible under the condition

Az ~ A (4.14)

Matching the asymptotic expansions (4.8) and (4.10), Egs. (4.9), (4.11), (4.13), and (4.14) taken into account,
we obtain
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oD

Vtly,=0 = V2ly, o0 = T Ora’ P2lya—oo = Mzopl‘wzov
3 (4.15)
8])1 82D
ps = M2 (p1ly,=0 + KD), oy~ on2 (y1 =0).
3

If conditions (4.13) and (4.14) are simultaneously satisfied, a full three-dimensional flow structure is formed
[6-8, 21] in the disturbed vortex region with characteristic dimensions

Az~ hST(5)2)37, Az~ BT/ 7657, (4.16)

In this case, the flow in the near-wall region 3 is described by Eqs. (4.4) and the boundary and initial conditions (4.5),
(4.6), and (4.13). The pressure perturbation ps is determined by Eq. (4.15); it is composed of pressure perturbations
due to the displacing action of the boundary layer (p1]y,—o0) and centrifugal effects (K D). These components are
found from the joint solution of the problem for region 3 and the wave equation (4.12) for region 1, condition (4.15)
at the internal boundary and conditions of restriction of disturbances at the external boundaries being satisfied.
Naturally, the solutions in regions 3 and 1 should satisfy the condition of periodicity in the transverse direction
[see (2.10)].

The variables y1, p1, x3, ys3, 23, us, v3, ws, p3, hs, and D are normalized to the quantities A/(27),
N3 AS(y —1)3/(8n3 KM2 2110), cl® /(A% (v — 1)), 1, \/(27), cl /A, A(y—1)/1, NA(y —1)/(27l?), N2 A%(y — 1)/ (4721%),
bl/A, and N2A%(y — 1)/(4n>KM?2_I*), respectively. Then, the boundary-value problem (2.10), (4.4)-(4.6), (4.13),
(4.15) for region 3 acquires the following form:

@+@+a—w—o u@—kva—u—kw%—y—u @—0
or Oy 9z Ox Oy 0z  oy?’ oy
Jow ow  ow op P Oh | oh b _ 1o
Or Ay 0z 0z 0y?’ Ox Oy 0z  Pr oy?’

u,h—y+mD, w—0 (y— o0), u,h —y, v,w,p,D—0 (z— —00), (4.17)
P = Y2pily,=0 + D,
u(z,y, z) =u(z,y,z + 2m), v(z,y,2) =v(r,y,2z+27), wzy,z)=wx,y,z+2r),
h(z,y,z) = h(z,y,2z +27), p(x,2) =p(x,2+27), D(x,2)= D(z,2+ 27),

1= A2A%(y = 1)/(4n%1PKM2), Yo = AA*(y — 1)%/(27I° K c?)
(notation is the same, the subscript 3 is omitted, and the thickness of layer 3 is normalized to an arbitrary quantity 1).
The boundary-value problem for region 1 is
*pr Pp1 O*m opr  0°D
73 2 = 2 2 a. = 2 (yl -
Jr Jy; 0z oy Oz

(4.18)
p1(x,y1,2) = p1(z,y1, 2 + 27), V3 = )\2A4(’Y - 1)2M§o/(4ﬂ2l602M3)-

The boundary-value problems (4.17) and (4.18) contain three parameters of similarity: 1, 72, and v3. The
first parameter determines the degree of interaction of regions 3 and 2, the second parameter determines the same
for regions 2 and 1, and the third parameter is responsible for the regime of interaction of viscid and inviscid flows.
The latter circumstance distinguishes the problem considered here of a three-layered perturbation of the flow, which
arises in the development of long-wave Gortler vortices in a hypersonic boundary layer near a moderately cooled
concave surface, from a similar problem for an incompressible fluid [5-8]. Therefore, the equation for perturbation
of the enthalpy h in (4.17) may be solved independently.

Subsequent linearization of the solution of the boundary-value problem (4.17) with respect to the initial
conditions and the use of the normal-mode representation of solutions (3.3) in regions 3 and 1 allow us to reduce
problems (4.17) and (4.18) to a system of ordinary differential equations
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pU+ V' +W =0, ByU +V =U",
ByW — D[l =32/ (1 +738%)" /] = W, (4.19)

U=V=W=0 (y=0), U—-mD, W—0 (y— o),

where D is a constant coefficient in representation of the form (3.3); (-)" = d/dy.
System (4.19) may be reduced to one equation for the function SU’ + W', whose solution is expressed via
the Airy function Ai(y/3'/?) [22]. The following dispersion relation is valid:

7282/ (14 736%)!/2 = 31 AT (0)57° = 1. (4.20)

Relation (4.20) differs from the corresponding relation for a fluid only by the presence of the parameter 5 (see,

for example, [5, 8]). Nevertheless, it follows from (4.12) and (4.16) that the critical Mach number is M, ~ hat/ 7

therefore, we have v3 ~ hqlf/ ", Surface cooling and a decrease in h,, lead to a decrease in the parameter ~s,
relation (4.20) acquires a form corresponding to an incompressible fluid, the increment [ is independent of h,,, and
the vortex growth rate normalized to the characteristic length (of the order of unity)

Be ~ B/ ~ (B/h%]7)(ae/8)*)7

increases due to both surface cooling and decreasing boundary-layer thickness §. Thus, it is shown analytically that
surface cooling leads to an increase in the growth rate of long-wave Gortler vortices.

This work was supported by the Russian Foundation for Fundamental Research (Grant No. 98-01-00462)
within the framework of the State Program for supporting the leading scientific schools of the Russian Federation
(Grant No. 00-15-96070).
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